INTRODUCTION
Shirshov's theorem [6, 4.2 .81 says that if R =k(xi, . . . . x,} is a PI algebra over the field k of degree d and every monomial of degree <d in the x's is algebraic over k, then R is finite-dimensional over k. The truly remarkable aspect of this result is the requirement of algebraicity on just a finite number of elements albeit chosen from a generating set. Another result which has the same flavor is a theorem of Kostant [2, 8 .11 which gives a criterion for a left ideal I in the enveloping algebra U of a finitedimensional Lie algebra L over a field k of characteristic zero to be of finite codimension: I is of finite codimension in U if and only if every element of a Lie generating set of L is "algebraic" over I; i.e., for each element u EL there is 0 #g(t) ~k [t] such that g(u) E I. The proof of Kostant's result relies on some deep results. This paper arose out of an attempt to simplify the proof of Kostant's results and to generalize appropriately his result to other classes of rings. Kostant's theorem fails in characteristic p, as Makar-Limanov showed us, and care is needed even for an appropriate generalization to finitely generated (afline) PI algebras.
The analog of Kostant's result for affine PI algebras is given in our Theorem 5; unfortunately, we must require that every element of an afline PI algebra be algebraic over a left ideal to force finite codimension. An easy example is given which shows that even requiring all monomials of some generating set to be algebraic over a left ideal fails to ensure finite codimen-sion. Theorem 5 is a consequence of our main result, Theore gives a local criterion, in terms of a finite set of monomials of a set of an affine PI algebra, for a module to have finit s~bmodu~es finite-dimensional. The proof of Theorem 1 Noetherian and PI techniques. Of interest along the way is which gives a condition for a (semi) prime ring to be Noetherian in terms of the existence of a faithful Noetherian module.
Notion.
Throughout this paper all rings will elements over a field, k. All modules will be mean two-sided ideal. For basic results about refer to [4] and [4] , respectively. e begin with TPFEOREM 1. Let R = k(x,, . ..) x > be a PI algebra of degree d and Eet II be a left R-module. Suppose that for each m E M and each mo~omiai~ V, in the x's of degree <d, there exists a polynomial, 0 #f(t)~k [t] , such that f ( V)m = 5, then every finitely generated submodule of M is smite-dime~~-sional over k.
First, observe that it suffices to establish the t em for cyclic modules. For, if NE is finitely generated, then N= cj d~rne~sio~a~ over k, then so is the (finite) sum. Of course algebraicity of the monomials carries over to submodules and factor modules. The proof of Theorem 1 is preceded by some ~ernmas~ LEMMA 2. If RM is cyclic and R= k(x,, . ..) xl) is an affine ring, i (a) Submodules, N c h4, suck that dim, M/iV< 'x), cd~e ,fiiriteEy generated.
(b) Hf dim, M is infinite, there exist ~ubmodules of ~~,~i~a~ with respect to dim, A4/N being infinite.
Pp.ooJ: (a) is from Lewin [3] , and (b) follows from (a) by the usual Zorn's lemma argument.
e remark that the statement of Lemma 2 holds if "cyclic" is replaced by "finitely generated."
Of independent interest is: Thus, we may assume R to be prime and PI with a faithful Noetherian module of the form R/L. Because R is prime and PI, L consists solely of zera divisors, and we can harmlessly enlarge L so that it becomes a left annihilator, if it is not already one [4, 3. 31. Thus, we have a prime PI ring R with left annihilator L such that R/L is a Noetherian module. Because R is prime and Goldie on each side, L = Z(a), a E R. Hence, R/L z Ra, a left ideal of R. However, R satisfies the minimum condition on left annihilators so that (0) = Ann(Ra) = njs= 1 E(rj) = E(r,, . . . . r,), where Z(r,) = the left annihilator of the element rj and rjE Ra. Thus, R CT: @;= 1 R/l(rj) = @J= i Rej and Rrjc Ra which is Noetherian. Hence, R is a Noetherian ring. The last assertion of the lemma is clear from the method of proof and the properties of Krul dimension.
With the same idea and a somewhere fussier argument the previous proposition can be established for semi-prime PI rings; also, clearly, the proposition is true for arbitrary commutative rings. Of course, if R is not PI or R is not semi-prime, there are easy counterexamples to the Proposition's statement.
There is one more lemma before we can get to the proof of Theorem 1.
LEMMA 4. If R is an affine PI ring and RM is any R-module, there exists a nonzero submodule T c M which is annihilated by a prime ideal of R.
Proof. By Braun's theorem [ 11, there is a product of primes in R which is (0); say P, . .. P, = (0), where the P's are prime ideals. Assuming, as we can, that M is faithful, we find a nonzero submodule, N c M, such that PiN = (0), for some j= 1, . . . . t by writing (0) = P, ... P,M and setting j equal to the first number such that PjPj + r . . P, M = (0). So we have found a nonzero submodule N with a prime, call it P, which is in its annihilator, Ann(N). If Ann(N) is prime, we stop; otherwise, again by applying Braun's result to R/Ann(N), we obtain primes Q,, . . . . Qs, each properly containing Ann(N), with Q 1 . . . Q, c Ann(N). Arguing as before, we get a nonzero submodule N1 c N and a prime Qi such that Q;N, = (0). Observe that PC Qi. We can continue this process now with N,, and so forth, until producing a submodule whose annihilator is prime or a strictly ascending c prime ideals in R, but the latter contradicts a result of Procesi ["a, B Hence, the lemma is proved.
We now proceed to the proof of Theorem 4. eorem 1. Of course, it suffices to prove that is tinite-dimensional. Therefore, assume that nsional and, by Lemma refore, by the well-known theo ensional over k and? thus, so is e now appIy Theorem 1 to obtain a criterion for a left ideal in an affine I ring to be of finite codimension. ~~fort~~ately~ it does not seem possible to find such a criterion solely in terms of a set of generators of the ring as in the hypothesis of Shirshov's theorem. For e "',x1), where k[x] is the usual polynom eaf 1= ("c,Xl i). If, as a generating set fo ), then any monomial in these generato is algebraic over 1 if there is a /P is not finite dimensional.
5. If R is an affine PI ring owr k and /I is ~~~i~e-~ime~sio~al I$ and only $ every element qf is ~~g~br~~~ ouer 1~ ProoJ Necessity is easy, and the proof is omitt e proof of sufficiency, assume that is not ~~~ite-~~~e~sio~a~. out loss of generality, I is maximal with dimension and I contains no nonzero ideal. show that must be semiprime.
is not semiprime, let J be the radical of R and set show that for all m EM and a E , there exists an f(t) ~k[t]! SW f(a)m=O.
Let m=xfI, XEJ, and q=l+x. Because XEJ, q-leR, and we have q -'aq~ R, aE R. Hence, there exists g(t) E k[t] such that g(q-'aq) E I. But g(q-'aq) = q-'g(a)q E I implies that g(a)q E I. Suppose f(a) E Z, and set h(t) =f( t) g(t). Then
noting that f(a) g(a) = g(a) f ( ) a an d recalling that q = 1 + x and g(a)q E I. (J+ Z)/Z is a finitely generated R-module by the choice of I and Lemma 1, part (a); thus, by Theorem 1, (J+ 1)/1 is finite-dimensional. So, unless J c 1, we are done. If J c I, then J must be zero because I contains no nonzero ideals. Hence, we may assume that R is semiprime. Thus the center of R is non-trivial and must be algebraic over k, because I contains no nonzero ideals and if c is a central element, 0 #p(t) E K[t], then p(c) is also central. Hence, every regular element of the center is invertible and R must be equal to its ring of quotients which is obtained by inverting the central regular elements according to a result of Rowen [6, 1. 71. Now R is finitedimensional over its center which contains k. Applying the Artin-Tate lemma [IS, 21, because R is afline over k, we conclude that R is finite dimensional over k and so R/I is-a contradiction which establishes our result.
